New charge radius relations for atomic nuclei by Sun, B. H. et al.
ar
X
iv
:1
40
8.
69
54
v3
  [
nu
cl-
th]
  2
4 N
ov
 20
14
New charge radius relations for atomic nuclei
B.H. Sun,1, 2, ∗ Y. Lu,3 J.P. Peng,1 C.Y. Liu,1 and Y.M. Zhao3, †
1School of Physics and Nuclear Energy Engineering, Beihang University, Beijing 100191, China
2International Research Center for Nuclei and Particles in the Cosmos, Beijing 100191, China
3Department of Physics and Astronomy, and Shanghai Key Lab for Particle Physics and Cosmology,
Shanghai Jiao Tong University, Shanghai, 200240, China
(Dated: August 22, 2018)
We show that the charge radii of neighboring atomic nuclei, independent of atomic number and
charge, follow remarkably very simple relations, despite the fact that atomic nuclei are complex
finite many-body systems governed by the laws of quantum mechanics. These relations can be
understood within the picture of independent-particle motion and by assuming that neighboring
nuclei have similar patterns in the charge density distribution. A root-mean-square (rms) deviation
of 0.0078 fm is obtained between the predictions in these relations and the experimental values,
i.e., a precision comparable modern experimental techniques. Such high accuracy relations are very
useful to check the consistence of the nuclear charge radius surface and moreover to predict unknown
nuclear charge radii, while large deviations from experimental data are seen to reveal the appearance
of nuclear shape transition or coexsitence.
PACS numbers: 21.10.Ft, 21.90.+f, 27.70.+q, 29.87.+g
Like many systems governed by the laws of quantum
mechanics, the nucleus is an object full of mysteries
whose properties are much more difficult to character-
ize than those of macroscopic objects. Rather than build
an exact replica of the nuclear system (almost an im-
possible job), nuclear physicists in reality have selected
a different approach, using a relatively small number of
measurable properties of quantum systems to specify the
overall characteristic of the entire nucleus. Investigations
of these properties and moreover using them as bridges to
reveal the atomic nucleus, form the basis of present nu-
clear physics investigations. Nuclear extension in space,
often characterized by charge radius, is one of such static
properties.
Nowadays, nuclear size data [1] constitute one of the
most precise and extensive arrays of experimental infor-
mation available for the interpretation of nuclear phe-
nomena. The pioneering works by using various meth-
ods such as electron scattering and muonic atomic spec-
troscopy [2], indicated that a nuclide near the β-stability
line behaves like a solid sphere with constant density.
In recent decades, the enormous progress in size deter-
mination of exotic nuclides has been entwined with the
realization of radioactive ion beams [3] and fast devel-
opments especially in ultra-high-sensitivity laser spec-
troscopy techniques [4, 5]. The new measurements
contributed to revealing, for example, the neutron skin
effect [6, 7] and the nuclear shape variances [8–10]
when moving far away from the stability line. These
new results are among the strongest motivations for the
next generations of nuclear physics facilities, in which
electron-scattering experiments [11, 12] on unstable nu-
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clei are under way. In the march towards the new era
of nuclear physics, the knowledge of nuclear sizes plays
a very important role in understanding complex atomic
nuclei.
New precision data in turn challenge the present the-
ories and trigger innovations to interpret the results and
to understand underlying nuclear structures. A conven-
tional way to estimate the nuclear charge radii was to
improve the empirical formula of the A1/3 law, e.g., by in-
cluding residual corrections lsuch as isospin and shell cor-
rections [13], or by introducing the Z1/3 dependence [14].
Here A,Z denote the nuclear mass and proton number,
respectively. In nuclear density functional theories based
on the mean-field approach such as the Hartree-Fock-
Bogoliubov (HFB) model [15, 16] and the relativistic
mean-field (RMF) theory [17, 18], nuclear charge radii are
calculated in a self-consistent way by folding the charge
density distribution. Besides, recent work attempts to
deduce charge radii based on the α decay [19, 20], and
cluster and proton emission data [21]. In this work, how-
ever, different from the above approaches, we propose a
set of new difference equations of charge radius for neigh-
boring nuclei, independent of atomic number and charge.
Such simple relations are expected to have good accura-
cies due to resultant cancellations of the proton distribu-
tions (and also neutrons of relevance) in space.
The first question considered is whether the differences
between nuclear charge radii can be understood based
on a smooth evolution of nuclear size, or on the basis
of well-known knowledge about the nuclear many-body
system. Similar to nuclear mass relations such as the
Garvey-Kelson mass relations [22], a necessary condition
for such cancellations is that the number of neutrons and
protons and of the various pairs cancels in this relations.
With one proton added, the charge radius increases;
with one more neutron added, the np interaction also
leads to a change of the charge radius. In the framework
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FIG. 1: (Color online) (a) δR1p−1n(Z,N) for most stable nu-
clides. The blue solid line represents the δR1p−1n(Z,N) de-
duced with the empirical A1/3 formula. (b) Dependence of
the mean value of δRip−jn(Z,N), δRip−jn(Z,N), together with
its uncertainty, on the isobaric distance from stability ε.
of the independent particle shell-model, there holds the
following relation:
δR1p−1n(Z,N) = R(Z,N) +R(Z − 1, N − 1)
−R(Z,N − 1)−R(Z − 1, N)
≃ 0 , (1)
where R(Z,N) is the charge radius of a nucleus with N
neutrons and Z protons. The nuclear charge radius data
are taken from Ref. [1].
The validity of this relationship is readily discernible
in Fig.1(a) for most stable nuclides. It is found that
the deviations from zero are indeed small and essentially
random. The weighted mean values δR1p−1n amount to
only -0.7×10−3 fm with the weighted root-mean-square
(rms) deviation of 5×10−3 fm. The uncertainties of
δR1p−1n(Z,N), arising from the experimental uncertain-
ties of four nuclides involved, are typically about 10−2
fm, and moreover the cases with the largest uncertain-
ties are located at either the isotopic chains Dy and Ho
around N = 90, or Ir and Pt around Z = 82.
Especially, we would like to draw attention to the cases
with magic numbers Z = 50/82 and/or N = 50/126,
whose relevant δR1p−1n of less than 2.5×10
−3 fm are
remarkably consistent with others. This striking fea-
ture is also elucidated in Fig. 4. The only exception
for intermediate-heavy nuclides that falls out of the one
standard deviation is δR1p−1n(63, 89). This is due to the
abrupt changes in nuclear shape around N ∼ 90, and
we will come back to this point later. Comparing with
the heavy nuclei, a relatively large scatter around zero is
shown for the light mass systems with A < 60. Neverthe-
less, this is as expected from the nature of the “few-body”
complexity, while the hypothesis of slow variance of nu-
clear charge radius with increasing nucleons should hold
better for the “mean-field” picture of heavy systems.
For illustrative purpose, Fig.1(a) displays also the re-
sults computed based on the empirical formula R =
0.956A1/3, which is obtained by fitting to the rms charge
radii of 296 stable isotopes for 83 elements. With in-
creasing mass number, δR1p−1n(Z,N) deduced from this
A1/3 formula goes down to a few times 10−5 fm. Another
empirical formula, the Z1/3 dependence, would lead to
exactly zero. This fact demonstrates that Eq. (1) is ful-
filled nicely in the consideration of the nuclear saturation
property, one of the main ingredients for modern nuclear
theories.
To examine how well δR1p−1n(Z,N) ≈ 0 can reach
in precision when going far away from stability, for each
isobaric chain with mass A, we parametrize the distance
between the nuclide (Z,A−Z) and the nuclide (Z0, A−
Z0) in the β-stability line [23] by the isobaric distance
from stability ε = |Z0 − Z| with
Z0 =
A
1.98 + 0.0155A2/3
. (2)
Thus, ε = 0 stands for the most stable nuclei. Figure 1(b)
shows the behavior of δR1p−1n(Z,N) as a function of ε.
The mean deviations δR1p−1n(Z,N) are very small and in
the same order of magnitude for larger ε. The displayed
uncertainties of typically 5×10−3 fm, include both the
experimental uncertainties from Eq. (1) and the weighted
rms deviations from the mean values, while the latter
are ten times larger than the experimental uncertainties.
Only at ε > 4, i.e., for the most exotic cases in the known
charge radius surface, is there a slightly large deviation
from the mean value. This deviation is partially due to
the large experimental uncertainties, about one order of
magnitude more than those close to stability line.
The success of this formula lies in the fact that the
density of nucleons in the inner regions of all nuclei (es-
pecially neighboring nuclei) is about the same and that
the surface thicknesses of all nuclei are very similar and
vary slowly in the nuclear chart. Indeed, Eq. (1) repre-
sents the mixed partial derivative of nuclear charge radius
surface with respect to N and Z, i.e.,
δR1p−1n(Z,N) ≈
∂R2(Z,N)
∂N∂Z
, (3)
while the first-order differences, ∂R(Z,N)/∂N and
∂R(Z,N)/∂Z are canceled in this relation. To see to
what extent the above equation works over the nuclear
chart, one may resort to the the empirical formula Rch ∝
A1/3. The δR1p−1n(Z,N) in this special case is propor-
tional to A−5/3, thus it amounts to only a few times of
10−4 fm when A equals to 100. The relatively larger devi-
ations from zero at lighter nuclei can also be understood
because of A−5/3 factor.
Recursive application of Eq. (1) yields a general for-
mula, δRip−jn ≃ 0, where i and j are integers. Two
3simple cases are as follows.
δR1p−2n(Z,N) = R(Z,N) +R(Z − 1, N − 2)
−R(Z,N − 2)−R(Z − 1, N)
≃ 0 ,
δR2p−1n(Z,N) = R(Z,N) +R(Z − 2, N − 1)
−R(Z,N − 1)−R(Z − 2, N)
≃ 0 . (4)
The results of these two relations are also summarized
in Fig. 1(b).
Equations (1) and (4) offer a very useful feature in
prediction of the rms charge radius of a given nucleus in
terms of charge radii of its three neighboring nuclei. This
is an alternative way to examine the high precision of the
three relations. Taking Eq. (1) as an example, this calcu-
lation can be done in four different forms, as we choose
any of the four to be evaluated from the others. Using
all these three formulas, one can then have a maximum
of 12 predictions for the rms charge radius of a given nu-
cleus, provided all neighboring charge radius are known;
otherwise, the number of predictions n is n < 12. If pre-
dictions based on mass relations are essentially random
with respect to zero, a predicted result obtained by av-
eraging all available predictions is expected to be more
accurate, as suggested and discussed in Refs. [24, 25].
Similar features are also seen in the results of charge radii
here. As tabulated in Table I, there are only 17 nuclei
with known charge radii that can be predicted in 12 dif-
ferent ways, while more than 600 nuclei can be predicted
in more than two different ways. The rms deviations
are around 0.004 fm for n > 5. Note that the farther
a nuclide is from the β-stability line, the fewer possible
predictions (n) one has for this nuclide.
TABLE I: Weighted rms (σ) and mean (ǫ¯) deviations (in
10−3fm) between experimental data and predictions in this
work, when different number of predictions n exist for a given
nucleus. N refers to the total number of nuclei that can have
n possible predictions. Only nuclei with N > 2 and Z > 2
are considered.
n N ǫ¯ σ n N ǫ¯ σ
1 76 0.22 13.05 7 58 0.49 7.35
2 88 -0.28 14.72 8 81 1.00 4.30
3 66 0.19 6.42 9 34 -0.54 4.16
4 88 -1.65 13.33 10 53 -0.37 4.33
5 55 0.16 3.95 11 19 -0.96 4.19
6 152 0.29 4.12 12 17 1.18 3.48
When several predictions (n > 1) exist for a specific
nuclide, the mean value of different predictions is then
calculated and treated afterwards as the prediction for
this nuclide. Eventually, one can obtain a set of 788
“new” rms charge radius values, and accordingly their
differences from experimental data. The deviations from
 4.2
 4.3
 4.4
 4.5
 4.6
 45  50  55  60  65
R c
h 
[fm
]
Neutron Number N
Z=40
Exp.
This work
HFB-21
RMF
WS
 4.2
 4.3
 4.4
 4.5
 4.6
 45  50  55  60  65
R c
h 
[fm
]
Neutron Number N
Z=41
Exp.
This work
HFB-21
RMF
WS
FIG. 2: Comparisons of predictions in nuclear charge radius
and available experimental data for Z=40 (a) and 41 (b) iso-
topic chains.
experiments are summarized in Table I. The results again
demonstrate the reliability of Eqs. (1) and (4). The larger
rms values for n 6 4 are mainly caused by the nuclei
with Z < 20 and Z ≈ 82. Globally the rms deviation
on charge radii amounts to 0.0078 fm for all the nuclei
with N,Z > 2 in this work, i.e., an accuracy compara-
ble to the experimental data and, to our knowledge, by
far better than any global nuclear models and empiri-
cal formula available. A rms value of more than 0.02 fm
is obtained for the up-to-date microscopic-rooted nuclear
models [15–18] and a recent proposed four-parameter for-
mula including the shell corrections and deformations of
nuclei obtained from the Weizsa¨cker-Skyrme (WS) mass
model [13]. When considering only charge radii of nuclei
with Z > 20, the global rms value deceases to 0.0069
fm, while it increases to 0.0194 fm for light nuclei with
Z < 20.
More insight into the high precision of the relations
predictions is shown in Fig.2, in which the available ex-
perimental data and our predictions are plotted for both
Zr and Nb isotopes. For the sake of comparison, three up-
to-date model predictions, RMF [17], HFB-21 [16], and
WS [13] are also included. The consistency of our pre-
dicted and experimental trends is clearly verified, even
in the shape transition region around N ≈ 60. In cases
of experimental charge radii being unavailable, the pre-
dictions follow the smooth evolution along the isotopic
chain. These smooth evolutions along isotopic chains
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FIG. 3: (Color online) Chart of the nuclides showing the differences (color coded, in fm) between the predictions and exper-
imental values. The black squares indicate stable isotopes. The magic numbers are displayed by pairs of parallel lines. 325
nuclides whose rms charge radius can be predicted within an accuracy around 0.01 fm are marked by the green triangles.
have also been seen in other nuclear observables, e.g.,
mass [26], when no sudden changes occur in neighboring
atomic nuclei. The HFB-21 nicely reproduces the nu-
clear charge radii before the shape transition at N ≈ 60,
but cannot give the trend for N > 60, while the RMF
tends to show overestimated values for nuclei with neu-
tron number large than the magic number 50. The WS
model, on the other hand, can generally reproduces very
well the kinks at N = 60 in both the isotopic chains.
The global comparisons of the relations predictions
with experimental data are shown in Fig. 3 . Several
features of this chart are worthy of note. (1) Equa-
tions (1) and (4) hold remarkably well throughout the
nuclear chart, especially concerning the nuclides heav-
ier than Ni. (2) For light nuclides from He to Ne, the
deviations can be as large as 0.1 fm. As already men-
tioned, this is due to the few body nature of these sys-
tems. The strong odd-even staggering effect indicates
that some important effects fail in a large extent to be
washed out. Dedicated examinations on the charge den-
sity distribution of light nuclides would be very helpful
to understand this phenomenon. (3) No conclusive evi-
dence yet exists indicating the possible failure of Eqs. (1)
and (4) at neutron magic numbers 50/82/126 and pro-
ton numbers 50/82, for available experimental data. In
other words, available data tend to support the relia-
bility of Eqs. (1) and (4) around those shells. This is
quite different from the local nuclear mass relations, like
the valence proton-neutron interactions [27–29], where
these empirical interactions are sensitive to changes in
shell structure in exotic nuclei. (4) The significant local
variations are seen in the intermediate and heavy ele-
ments at N ∼ 60, N ∼ 90 and Z ∼ 80. The slight
increased cases also include the neutron-deficient nuclei
at Z ∼ 55 and N ∼ 40. These groups are normally
quoted as typical “shape phase transition” or “shape co-
existence” zones [30–32]. Sudden changes in the shape
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FIG. 4: (a) Differences between our predictions and experi-
mental data for isotopic chains of Pb, Hg and Pt. (b) δR2p−1n
in the RMF and HFB-21 mass models with experimental data
for Pb isotopes.
and single-particle distributions with the number of pro-
tons and neutrons result in a large residuals other than
zero. Investigations on the relevant experimental data
combining with other observables such as mass and spec-
troscopic (see, e.g. Ref. [33]), clearly show that the large
deviations from experiments are strongly correlated with
sudden nuclear shape variances. In Ref. [30] the “kink
strength”, the second difference of charge radius versus
nucleon number d2R(Z,N)/dN2 or d2R(Z,N)/dZ2, is
defined to characterize the changes in nuclear structure
due to shell effects and deformation. Here we show that
δRpn can be used as a good probe to characterize the
changes in nuclear charge radius surface caused by shape
transition or shape coexistence.
Figure 4(a) explicitly displays our predictions at Z ∼
82. One sees an increasing deviation from zero for
5N < 108. This is consistent with the onset of shape
coexistence of deformation at neutron number around
108 [34]. A closer scrutiny of our predictions shows that
the differences are mainly determined by δR2p−1n = 0.
The anomalous variances for N < 108 is due to the huge
odd-even staggering observed in the light mercury re-
gion [35]. Accordingly, we plot in Fig. 4(b) the results
of δR2p−1n for Pb isotopes. Illustrated in this figure are
also the calculated δR2p−1n in the HFB-21 [16] and RMF
models [17]. Both models cannot reproduce the experi-
mental staggering in the light Pb isotopes in both mag-
nitude and sign of the odd-even staggering.
In summary, we propose a set of nuclear charge ra-
dius relations assuming that the neighboring nuclei share
the similar pattern in the charge density distribution.
This assumption is the main ingredients for the success
of the nuclear shell model or generally the mean field ap-
proaches. In this respect, the new relations work better
for heavier nuclear system as shown in Fig. 3. We have
shown that the precision of the proposed new relations
holds for not only stable nuclei but also the most exotic
cases, as demonstrated in Fig. 1. The significance of this
work is that it offers us a simple but very accurate way
to investigate the consistence of the charge radius sur-
face (in both experimental data and predictions of nu-
clear models). This is particularly important considering
the fact that there are many sources of charge radius data
deduced from very different experimental techniques. Af-
ter all, the difference in radii of neighboring isotopes is
very small, from about 0.1 fm for A ∼ 10 down to about
0.02 fm for A ∼ 100. Moreover, the proposed formula
can be naturally used to predict unknown nuclear charge
radii. For instance, the charge radii of 325 nuclides can
be estimated as indicated in Fig. 3 within an accuracy of
typically 0.01 fm.
The available data tend to support the reliability of
our proposed relations even at neutron magic numbers
50/82/126 and proton numbers 50/82. This success
might be due to the interplay of neutrons and protons in
our formula, which somehow washes out the shell effect.
Accordingly, it is very interesting to see how well the new
relations hold towards drip lines, where one expects the
disappearance of the traditional magic numbers and/or
the appearance of new magic ones. Any new experimen-
tal data towards the drip lines are thus very valuable to
verify the predictive power of the relations.
The large deviations at, e.g., the Z ∼ 82, N ∼ 100 re-
gion, suggesting sudden, very large variations in charge
density distributions for relevant nuclei, are pointed out
to be well correlated with the appearance of shape tran-
sition or coexistence. Therefore this provides us with
a new and reliable probe for sudden changes in nuclear
shape. Accordingly, when sudden variances occur in nu-
clear shape or are expected, one has to be cautious about
the applications of Eqs. 1 and 4 to unknown charge radii.
In these cases, it may be instructive to check the corre-
lations with other ground and excited state observables.
Finally we wish to note without details a recent work
in which the Garvey-Kelson mass relations were extended
to nuclear charge radii [36]. Despite fewer nuclei in-
volved, our relations show similar precisions in reproduc-
ing known nuclear charge radii.
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